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We study the evolution of cosmological perturbations in an anti-de-Sitter (AdS) bulk through
a cosmological singularity by mapping the dynamics onto the boundary conformal fields theory
by means of the AdS/CFT correspondence. We consider a deformed AdS space-time obtained by
considering a time-dependent dilaton which induces a curvature singularity in the bulk at a time
which we call t = 0, and which asymptotically approaches AdS both for large positive and negative
times. The boundary field theory becomes free when the bulk curvature goes to infinity. Hence,
the evolution of the fluctuations is under better controle on the boundary than in the bulk. To
avoid unbounded particle production across the bounce it is necessary to smooth out the curvature
singularity at very high curvatures. We show how the bulk cosmological perturbations can be
mapped onto boundary gauge field fluctuations. We evolve the latter and compare the spectrum of
fluctuations on the infrared scales relevant for cosmological observations before and after the bounce
point. We find that the index of the power spectrum of fluctuations is the same before and after
the bounce.
PACS numbers:
I. INTRODUCTION
In spite of its many successes, cosmology faces a number of outstanding theoretical and fundamental challenges. One
of the most fundamental questions that remain to be answered in cosmology is the singularity problem. Singularities
appear in many cosmological models and are unavoidable in some contexts like Einstein gravity with matter fields
that do not violate the null energy condition (NEC). Both Standard Big Bang cosmology and the inflationary universe
scenario [1] realized in the context of scalar field matter coupled to classical General Relativity are examples where
an initial Big Bang singularity is present (see the classic paper [2] for the proof that an initial singularity appears in
Standard Big Bang cosmology and [3] for an extension to inflationary cosmology). Bouncing cosmologies, alternative
scenarios for the evolution of the universe where a contraction period precedes the expansion of the universe, also
have singularities at the bounce point, at least if they are realized within the realm of Einstein or dilaton gravity
coupled to matter obeying the NEC. One can avoid Big Bang/Big Crunch singularities by postulating matter which
violates the NEC (see e.g. [4–6] for some specific models, and [7] for a review), or by going beyond, Einstein gravity
(e.g. by choosing gravitational Lagrangians with specifically chosen higher derivative terms [8], by considering the
Horava-Lifshitz gravitational action [9], or by assuming certain nonlocal gravitational Lagrangians [10]). However,
there are doubts as to whether these constructions can be embedded in a consistent quantum theory of gravity [11].
A consistent understanding of singularity resolution can presumably only be studied in such an ultraviolet complete
theory, superstring theory being the prime example.
In this context the AdS/CFT correspondence could come to use. This correspondence [12] is a proposal for a
non-perturbative treatment of string theory and states that the dynamics of a bulk Anti-de Sitter (AdS) space-time
that includes gravity is encoded in the boundary of this space-time, where a conformal field theory (CFT) with no
gravity lives. This conjecture has been used in many different fields of physics, from black hole physics to condensed
matter, with great success (for a review e.g. [13]). It has already been proposed in the literature that the AdS/CFT
correspondence could be used to resolve cosmological singularities [14–17], specially in the context of singular bouncing
models such as the Pre-Big-Bang [18] and Ekpyrotic [19] scenarios.
Bouncing cosmologies have recently been studied extensively as possible alternatives to cosmological inflation for
producing the fluctuations which we are currently mapping out with observations. If the equation of state of matter
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2in the contracting phase has w > −1/3, where w is the ratio of pressure to energy density, then scales exit the Hubble
radius during contraction. Hence, it is possible to have a causal generation mechanism for fluctuations in the same
way as in inflationary cosmology, where scales exit the Hubble radius in an expanding phase if the equation of state
of matter obeys w < −1/3. As was pointed out in [20, 21], if the equation of state of matter during the time interval
when scales which are measured now in cosmological observations exit the Hubble radius has the equation of state
w = 0 (i.e. a matter-dominated equation of state), then initial vacuum perturbations originating on sub-Hubble
scales acquire a scale-invariant spectrum, the kind of spectrum which fits observations well [59]. A scale-invariant
spectrum of fluctuations can also be obtained in the Pre-Big-Bang [23] and in the Ekpyrotic [24] scenarios, making
use of entropy modes. The major problem in these analyses is that the fluctuations have to be matched from the
contracting phase to the expanding phase across a singularity (for singular bouncing cosmologies) or in the region
of high curvature (in nonsingular models in which new physics provides a nonsingular bounce) where the physics is
not under controle. This is the second place where the AdS/CFT correspondence could become useful: the boundary
theory becomes weakly coupled precisely where the bulk theory becomes strongly coupled, and hence we can expect
that the evolution of the fluctuations on the boundary will be better behaved.
We here consider a time-dependent deformation of AdS [25–28] (see also [29, 30]) which yields a contracting phase
with increasing curvature leading to a bulk singularity at a time which we call t = 0. The evolution for t > 0 is the
mirror inverse of what happens for t < 0. This means that the bulk is expanding with decreasing curvature. The
challenge for our work hence is to explore if the AdS/CFT correspondence can be used to determine the cosmological
perturbations in the expanding phase starting with some initial cosmological perturbations in the contracting phase.
In the case of a singular bouncing bulk cosmology this question cannot be answered from the point of view of the bulk
evolution of those perturbations, and in a non-singular bouncing setup the evolution in the bulk cannot be reliably
computed in a perturbative approach. For example, there are ambiguities if one wants to apply the matching condition
approach [31, 32] to connect early time to late time fluctuations (see e.g. [33]). The goal of our work is to avoid these
difficulties in the bulk evolution in the strongly coupled region by mapping the dynamics onto the boundary theory
which is weakly coupled near t = 0. The AdS/CFT correspondence presents an unique opportunity to understand the
effects of a bulk singularity on cosmological observables. Specifically, we are interested in computing the amplitude
and slope of the spectrum of cosmological perturbations after the bounce given the spectrum before the bounce.
In [36] the authors studied the evolution of matter scalar field perturbations using the AdS/CFT correspondence in
a deformed AdS5 spacetime, where a spacelike singularity is present. This background spacetime is a time dependent
background studied before in [25–28] where the dilaton bulk field has a time dependence which as t → 0 produces a
curvature singularity. The bulk theory is weakly coupled for |t| > tb and strongly coupled for smaller values of |t|.
In the context of this background the authors studied dilaton perturbations on a hypersurface perpendicular to the
AdS radial coordinate, starting with a scale invariant spectrum on super-Hubble scales at early times t < −tb. When
bulk gravity becomes strongly coupled at t = −tb, the perturbations were mapped to the boundary theory, a N = 4
Super Yang-Mills (SYM) theory, and the fluctuations of the corresponding boundary fields were then evolved from
t = −tb to t = tb. This SYM model has a time-dependent coupling constant that goes to zero at the same time as
the singularity occurs in the bulk. However, in spite of the fact that the boundary theory becomes free at t = 0, it
was found that infinite particle production occurs between t = −tb and t = 0. Thus, it was necessary to introduce a
cutoff: the coupling constant was kept finite but small in a short period of time |t| < ξ around the singularity, where
ξ  tb. This made it possible to evolve the fluctuations unambiguously past the time t = 0 where the bulk singularity
occurs until the late time t = tb after the singularity after which the bulk theory becomes weakly coupled again. After
that, for the infrared modes that are of cosmological interest (and whose wavelength is much larger than the Hubble
radius already at the time t = −tb), the bulk scalar field perturbations were reconstructed. It was found that the late
time scalar field perturbations have a scale invariant spectrum, showing that the spectral index does not change while
passing through the region of the highly curved (and maybe even singular) bulk. On the other hand, the amplitude
of the scalar field perturbation spectrum is amplified - a consequence of the squeezing of the perturbation modes on
super-Hubble scales in the contracting phase.
The evolution of scalar matter perturbations is interesting since it offers us a good guide as to the evolution of
gravitational waves [60]. However, of more interest in cosmology is the spectrum of the scalar metric perturbations,
since those lead to the adiabatic density perturbations responsible for structure formation in the universe. The goal
of the present paper is to extend the analysis of [36] to the case of cosmological perturbations.
Scalar cosmological perturbations are more complicated to analyze than matter scalar field fluctuations. They are
made up of a combination of metric and matter inhomogeneities which take different forms in different coordinate
systems. In the case of purely adiabatic perturbations [61] the information about the inhomogeneities is most con-
veniently encoded in the quantity R, the curvature perturbation in comoving gauge (the gauge in which the matter
field fluctuation vanishes [37]), a quantity that remains constant in time outside the Hubble radius [38–42].
According to the AdS/CFT dictionary, the metric perturbation δgµν has as its dual operator in the CFT the
expectation value of the boundary energy momentum tensor. In order to reconstruct the curvature perturbations
3(which are a combination of the metric and the matter fluctuations) in the future of the space-time singularity, one
needs to know the full evolution of the boundary operators corresponding to both the bulk matter scalar field and
the metric perturbations.
We argue in this paper that there exists a gauge choice that can simplify this problem. We generalize the spatially
flat gauge to the 5-dimensional case. This gauge allows us to describe the curvature perturbations as a function
only of the perturbations of the scalar field, that represents the matter in our space-time. We do this by using the
gauge freedom to gauge away the metric perturbations degrees of freedom which leaves us with only the scalar field
perturbations. Because of this choice of gauge we only need to know how the scalar field perturbations behave at
late times. This allows us to perform the same analysis as in [36], and to evolve the perturbations of a scalar field
using the boundary theory in a singular deformed AdS5 space-time. With this gauge choice, the analysis of scalar
field fluctuations is all we need to be able to reconstruct the curvature perturbations in the future of the space-time
singularity.
This paper is organized as follows. Section II contains a summary of the dynamics of the deformed AdS bulk space-
time containing a spacelike singularity. In Section III we discuss the cosmological perturbations in this deformed
AdS5 space-time and present the generalized spatially flat gauge. Section IV shows the main result, namely how
to obtain the curvature perturbation at late times evolving from an initial bulk perturbation using the AdS/CFT
correspondence. We find that the spectral index is not changed when comparing the spectrum at late and early times,
but that there is an increase in amplitude resulting from the squeezing of the Fourier mode wave functions.
II. BULK DYNAMICS
We are interested in studying cosmological backgrounds in the context of the AdS/CFT correspondence. Some
time-dependent backgrounds in string theory were studied in [25–28] where the bulk solution can be thought as a
time-dependent deformation of AdS5×S5 with a corresponding N = 4 supersymetric Yang-Mills (SYM) theory with
a time dependent gauge coupling constant as a dual theory.
This background bulk solution can be described by the line element
ds2 =
`2
z2
(
dz2 + g˜abdx
adxb
)
=
`2
z2
[
dz2 +
2|τ |
3`
(−dτ2 + δijdxidxj)] , t ≷ 0, z ∈ (0,+∞) , (1)
plus a dΩ25 term representing the S
5 factor. In the second line we are choosing a special Kasner type solution. Note
that τ denotes conformal time.The dilaton profile is given by
φ(x) = φ(t) =
√
3 ln
( |t|
`
)
, ⇒ eφ(x) =
( |t|
`
)√3
, (2)
with ` being the AdS scale. Throughout this paper we use conventions that Greek letters µ, ν, . . . run over all of
the five space-time indices 0, . . . 4 with z the AdS radial dimension; latin indices from the beginning of the alphabet
a, b, . . . run over the indices 0, . . . , 3 corresponding to the four-dimensional space-time perpendicular to the AdS radial
direction, and Latin letters i, j, . . . run over the spatial indices 1, 2, 3.
This solution can be embedded in a solution of a 10-dimensional type IIB supergravity theory provided that the
metric and the dilaton satisfy the equations of motion
∂µ
(√
−g˜g˜µν∂νφ(x)
)
= 0, Rab[g˜] =
1
2
∇aΦ∇bφ(x) . (3)
The bosonic sector of this embedding includes a RR 5-form flux which supports the S5 tensor factor of the space-time.
The S5 factor will not play a role in the following and we will thus not track it further.
The element (1) is easily recognized to be a deformation of the line element of pure AdS in Poicare´ coordinates,
where the AdS coordinate runs from z = 0 at the boundary to z = ∞ at the Poincare´ horizon. In pure AdS the
induced metric on constant-z hypersurfaces is the Minkowski metric. In our solution the induced metric is instead
composed of two copies of a Friedmann-Robertson-Walker (FRW) metric, as seen in (1), one for t < 0 describing
a collapsing geometry, and another for t > 0 describing an expanding geometry. The solution contains a spacelike
singularity, ”Big Crunch” singularity, at t = 0. It is also singular as z → ∞ at any fixed t 6= 0. This can be seen
in Figure 1. Due to this latter fact, the spacetime cannot be Cauchy-extended beyond the Poincare´ horizons which
bound the coordinate chart. The string coupling is given by gs = e
φ(x) and goes to zero at the singularity. If the
4z
=
−∞
z
=
+∞
t = −∞
t = +∞
t = 0
t = −tb
t = +tb
t = +ξ
t = −ξ
z = 0
FIG. 1: Conformal diagram of the background space-time. The spacelike singularities is shown in red. The vertical axis is time
t, the horizontal direction represents the coordinate z (with the boundary on the left side). If there were no deformation of AdS,
the region drawn would correspond to the Poincare patch of AdS. The green regions may be covered by Fefferman-Graham
[47] charts with Minkowski boundary metrics.
singularity can be resolved by mapping the dynamics to the boundary, we will have a stringy realization of a boucing
scenario.
We are assuming the the bulk universe initially begins in an AdS vacuum at some early moment ti and the
background is given by a weakly coupled supergravity theory. At the moment −tb, the bulk gravity becomes strongly
coupled but at the same time the boundary gauge theory become weakly coupled. Hence, after the time −tb the
evolution on the boundary becomes tractable in perturbation theory. On the future side of the bulk singularity, the
boundary theory remains tractable perturbatively until the time tb when the the bulk theory becomes weakly coupled
again at the cost of the boundary theory becoming strongly coupled. At that time we can reconstruct the bulk
information (at least in the vicinity of the boundary) from boundary data (see e.g. [43–46]).
We will take our space-time to be the hypersurface of some constant AdS radial coordinate z. We will be interested
in considering linear fluctuations of matter and scalar metric degrees of freedom on this surface at some initial time
t −tb, and computing the corresponding fluctuations on the same constant z surface in the future of the singularity,
once the bulk theory once again becomes weakly coupled, i.e. at t = tb.
To resolve the singularity in the background (1, 2) and study the evolution of perturbations to the future of t = −tb
we will map the problem onto the boundary using the AdS/CFT dictionary. We can see that the boundary of this
5 dimensional solution is conformally flat and has a second order pole as z → 0. So, in order to do holography we
must specify a conformal frame, i.e. we must provide a defining function Ω(x) which behaves like O(z2) as z → 0,
and which in turn selects the induced boundary metric hab(x) via
ds2bndry := hab(x)dx
adxb = lim
z→0
Ω2(x)γab(x)dx
adxb , (4)
where γij is the metric of a maximally symmetric three-dimensional hypersurface (the metric of Euclidean three space,
of the three sphere or the three-dimensional hypersphere). The above is an asymptotic solution in Fefferman-Graham
form [47] that represents the conformal structure. There are two natural choices for Ω(x). First, if we select
ΩFRW(x) =
z
`
, (5)
then the boundary limit is particularly simple and the conformal boundary has metric hab(x) = γab(x). We refer to
this as the FRW frame. A second choice is
ΩM(x) =
(
3z2
2`|t|
)1/2
. (6)
5With this choice the boundary metric is flat. We refer to this as the Minkowski frame. It is important to realize that
ΩM (x) is singular as t → 0, and as a result the conformal transformation implied by ΩM (x) is singular. One of our
basic assumptions is that this conformal transformation is nevertheless a symmetry of the CFT.
Let us now turn to the CFT description of our solution. In this time-dependent background, the dual boundary
theory is a N = 4 SYM theory with a source. Following the usual dictionary [48], the AdS-Neumann part of φ(x)
sets the value of the Yang-Mills coupling via
g2YM (x) = lim
z→0
eφ(x) . (7)
In the Minkowski frame, this theory lives in flat space. Note that when the non-normalizable part of φ(x) varies
with time, as in our example, the SYM theory in the boundary is sourced by a coupling that is time-dependent. So,
the time dependent dilaton in the bulk corresponds to a time-dependent Yang-Mills coupling in the boundary. This
coupling goes to zero as t→ 0 and the CFT becomes free.
III. COSMOLOGICAL PERTURBATIONS IN THE DEFORMED ADS5
We want to compute the cosmological perturbations from the space-time described above. In [36], we perturbed
only the scalar field, namely, the dilaton, and treated the perturbations of the dilaton. However, to fully describe
the cosmological perturbations, we need to include the perturbations of the metric. For this, we need to perturb
this deformed AdS5 metric (see e.g. [49] for general discussions of cosmological fluctuations in brane world like five
dimensional space-times).
Our starting point is the perturbed five-dimensional space-time metric
gMN = g
(0)
MN + δgMN , (8)
where the first term on the right hand side denotes the background metric which depends only on t and z, and the
second the linear fluctuations (which depend on all five space-time coordinates).
We can make a field redefinition in order to write the background metric in the following way:
ds2 = dz¯2 + g˜abdx¯
adx¯b , (9)
where z¯ = (l/z)z and x¯µ = (l/z)xµ. In some papers in the literature this is called a Gaussian normal coordinate
system, and it is equivalent to restrict the coefficient in front of the z-part of the metric to be unity. In the following
we will drop the tilde signs on the coordinates.
After including linear fluctuations, the metric can be written, performing the usual scalar-vector-tensor decompo-
sition with respect to spatial rotations on the constant z spatial hypersurface, as (see e.g. [34, 35])
ds2 = −dz2(1 + C0) + Cadxa + a2(τ)
[
(1 + 2Φ) dτ¯2 − 2Bidx¯idτ¯ − (δij + hij)
]
dxidxj , (10)
where τ is the conformal time given by dτ = dt/a(t), and Φ, Bi and hij are functions of all space-time variables. The
linear quantities C0 and Ca are new metric fluctuations associated with the presence of the radial AdS direction. We
can further decompose the 3−vector Bi into a scalar and a divergenceless part and the rank-2 symmetric tensor hij
into scalar, a vector and tensor parts:
Bi = ∂iB + Bˆi (11)
hij = 2Ψδij + 2
(
∂i∂j − 1
3
δij∇2
)
E +
(
∂iEˆj + ∂jEˆi
)
+ 2Eˆij ,
where this decomposition is irreducible since the hatted quantities are divergenceless, ∂iEˆi and ∂
iEˆij = 0, and the
tensor part is traceless, Eˆii = 0. Note that the tensor Eˆij corresponds to gravitational waves, Bˆi and Eˆj to vector
perturbations, and the remaining functions Φ,Ψ, B and E to the scalar metric perturbations. This perturbed metric
and the variables are analogous to the fluctuations in a usual 4-dimensional cosmology when restricted to constant
z slices. However, one needs to remember that the quantities calculated also depend of the coordinate z. In the
following we will neglect vector perturbations and gravitational waves.
Together with the metric perturbations, we need to perturb the energy-momentum tensor of the 5-dimensional
bulk. The matter content in our case is the dilaton field. This can be perturbed as follows, as in [36]
φ¯ (z,x, t) = φ (z,x, t) + δφ (z,x, t) , (12)
6where φ represents the background dilaton field and δφ its linear perturbation.
General relativity allows for a freedom in the choice of the coordinate system. At the linearized level the space of
coordinate transformation is five-dimensional, allowing us to impose five gauge conditions in order to remove residual
gauge degrees of freedom. As is done in the four space-time dimensional theory of cosmological perturbations we use
two of these gauge freedoms to simplify the scalar sector of the metric. One choice is longitudinal gauge in which one
sets B = E = 0. Two gauge degrees of freedom are vector from the point of view of the constant z hypersurfaces and
can be used to reduce the number of vector modes, and the remaining gauge degree of freedom involves the z direction
and could be used to set C0 = 0. Making these choices, the scalar cosmological fluctuations involve the variables Φ,Ψ
and δφ (plus the variables Ca which will not be important for us). An alternative choice is to pick the spatially flat
gauge (uniform curvature gauge) in which the curvature on the constant time (and z) hypersurfaces is constant in
space. In the absence of anisotropic stress Φ and Ψ coincide, and the Einstein constraint equation related the other
two variables [62]. Hence, on a fixed t and z hypersurface, the information about scalar cosmological perturbations is
encoded in terms of a single function.
Our goal will be to compute the evolution of the 3 + 1 dimensional curvature fluctuation variable R, which in the
absence of entropy fluctuations is conserved on super-Hubble scales and thus encodes the relevant information about
the scalar cosmological perturbations. It is hence the useful variable to track on super-Hubble scales, the scales we
are interested in in this work (and also the ones which are of interest in inflationary cosmology).
We choose to work in uniform curvature gauge. In this gauge, the variable R is on super-Hubble scales given by
R = −H
φ′
δφ . (13)
in terms of the scalar field fluctuation δφ. The coefficient relating R and δφ is given by the comoving Hubble constant
and by the background scalar field. Note that a prime indicated the derivative with respect to conformal time.
The variance for R in this gauge is given by the variance of δφ. For each Fourier mode we have
〈|Rk|2〉 =
(H
φ′
)2
〈|δφk|2〉 . (14)
IV. HOLOGRAPHIC CURVATURE PERTURBATION AT LATE TIMES
The goal of the section is to calculate the conserved curvature perturbation in our deformed spacetime at late times.
With the general spatially flat gauge developed above, we are able to write the curvature perturbation in terms of the
perturbations of the scalar field and its background value. This is important in our setup, since it avoids one having
to understand how the metric perturbations evolve holographically in this singular spacetime.
In our previous work [36], we showed a prescription for obtaining the bulk perturbation of a scalar field δφ, the
dilaton in our case, at late times t > tb in the weakly coupled region of the expanding period, given initial conditions
for the perturbations of the scalar field in the bulk in the weakly coupled contracting phase. We were interested
to understand how the presence of the singularity affects the initial scalar field perturbations. In particular, we
investigated if the power spectrum given in the bulk at past times is changed after the singularity. We showed that
the final spectrum of δφk remains scale invariant, given it was scale invariant in the past.
We now show how to use the results of our previous work to compute the quantity that is of interest in cosmology, the
curvature perturbation. As we saw in the previous section, then when working in the uniform spatial curvature gauge
we only need the power spectrum of the scalar field to obtain the power spectrum PR of the curvature perturbations
PR =
(H
φ′
)2
Pδφ =
1
2pi2
k3
(H
φ′
)2
|δφk (z, t) |2 . (15)
Thus, if we have the solution of the bulk scalar field in the future of the singularity, δφk(+tb), we are able to obtain
the power spectrum of the curvature perturbation from the above relation.
As it was shown in [36], the bulk scalar field fluctuations in the future of the singulariy can be locally reconstructed
from the boundary data via [43, 44]
δφ (t, x, z) =
∫
dt′d3yK (t′, y|t, x, z)O (t′, y) , (16)
where the kernel K (t′, y|t, x, z) is the smearing function. The important property of this smearing function is that its
support is confined to the “AdS causal wedge”, i.e. to points with |δt| ≡ t′− t < z (see Fig. 2). The exact form of the
7(tb+,x,z) 
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FIG. 2: Sketch of the reconstruction process for bulk operators in the future of the singularity. The vertical axis is time, the
horizontal axis indicates the radial coordinate z. The solid line is the boundary.The bulk field at a point with coordinates
(t+b , x, z) is given by integrating the boundary data against the boundary-to-bulk propagator. The integration involves data in
the shaded region only. The solid curves connecting the bulk point to the boundary are null geodesics.
smearing function will not be important for our analysis.This construction is similar to a boundary value problem (see
also [46, 50]). This means that δφ (t, x, z) corresponds to a local operator O (y, t′) in the CFT, with a map defined
by the smearing function.
We can make a translation in the time and space coordinates: t′ = t + s and y = x + y′. The smearing function
is invariant under translations of the x coordinates. In pure AdS it would also be invariant under time translations.
In the case of our deformed AdS, the kernel has an explicit time-dependence. The important point is that the kernel
has support within the AdS causal wedge. Hence, as long as we consider values of z not too far from the boundary,
the region of support of the kernel for the time t = tb is far away from the space-time singularity, and the kernel is
hence well defined. The fact that the kernel is independent of the three dimensional spatial coordinates x on the fixed
z surface implies that the kernel does not effect the shape of the power spectrum.
Our interest is to be able to find the spectrum of the perturbations in the future. For that, we need to work with
the Fourier transform of (16). This is given by:
δφk (z, t) =
∫
dsd3y′e−iky
′
K (t+ s, y′|z, t)O (k, t+ s) ,
'
∫
ds
∫
d3y′K (s+ t, y′|z, t)︸ ︷︷ ︸
M(t,s,z)
O (k, t+ s) (17)
where in the last line we considered only the IR limit, the one of interest for cosmological perturbations. We can see
from this equation that O (k, t+ s) has the same k-dependence of δφk, with the amplitude smeared and calculated at
a translated time.
We do not need to know the exact form of the kernel for our deformed AdS5. All we need to assume is the existence
of such a smoothing function with a causal structure similar to the one for pure AdS (obtained in [43, 44]). The
8differences would appear in the time-mode solution, since here we have FRW spacetime on the boundary instead of
Minkowski, leading to a different normalization for K(s, y′|z). Also, this function has support on the causal wedge
of AdS, and selects only data on the boundary that is space-like separated with ky′ << 1, given by the values of
y′ where the smearing function does not vanish. It is very important in our case that the only data necessary for
the reconstruction of the bulk field is local, since the presence of the singularity makes part of the data in the past
inaccessible in the future of the deformed AdS Poincare chart. We can see that from the green regions of Figure 1.
We can then write the power spectrum of the uniform curvature perturbation with respect to the boundary data.
From equation (15), and knowing that for our bulk H = a′/a, where
a(τ) =
2
3
|τ |
l
, (18)
we have
PR(k, t) =
1
(2pil)
2 k
3|δφk (z, t) |2
=
1
(2pil)
2 k
3
∣∣∣∣∫ dsM(s, z)O (k, t+ s)∣∣∣∣2 . (19)
Thus, the power spectrum of R has the same slope as that of the boundary operator O. This boundary operator
given in this equation is known from the AdS/CFT correspondence: The scalar field in the bulk corresponds to the
expectation value of the trace of the square of the field strength of a conformal field theory living on the boundary:
O = 〈trF 2〉 . (20)
This is the same operator whose evolution was studied in our previous paper [36], and in the following we will just
briefly summarize the analysis which relates the late time spectrum of O with the initial spectrum of δφ.
In our case, the boundary conformal field theory is a N = 4 Super Yang Mills (SYM) theory in 3 + 1-dimensions
with a Yang-Mills coupling that varies in time, inherited from the time-dependent dilaton from the bulk. Given this
theory, we can evaluate the operator, since
Fµν = 2∂[µAν] − i [Aµ, Aν ] . (21)
We ignore the term with the commutator since this is subdominant in our analysis. We adopt Coulomb gauge
(∂iA
i = 0) and set A0 = 0. Then the Fourier transform of the field strength tensor reduces to
Tr[F 2(k, t)] = 2A˙2k − 2(kjAki)2 + 2kiAkjkjAki , (22)
where summation over the index k is implied. We are only interested in the infrared (IR) modes, where k is small, so
we can drop the last two term of the previous expression and thus obtain the approximate relation
Tr[F 2(k, t)] = 2A˙2k . (23)
where once again summation over k is implied.
The fundamental field of this theory is the vector field Aµ, and this can be evolved in time, given its equation of
motion in the boundary. So, the field Aµ(+tb), necessary to calculate the operator O (x, tb) can be evolved from a
initial vector field through t = 0, the time when the singularity happens. This time also corresponds to the place
where the YM coupling vanishes and the theory becomes free.
Since the gauge theory becomes free, it could have been expected that the gauge field fluctuations pass through t = 0
without any problem. However, as discussed in [36] this is not the case. In terms of the original Fourier space modes
A(k, t) there is a branch cut in the evolution equations, and in terms of the canonically normalized field corresponding
to A(k, t) there is in fact a divergence. This divergence corresponds to the blowup of particle production which is
expected from the point of view of the bulk theory, where the fluctuation modes obtain infinite squeezing at t = 0.
Hence, it is not surprising that at the level of fluctuations the boundary theory at this point also becomes sick and
infinite particle production occurs. This does not allow us to evolve the field passed t = 0. In order to be able perform
this evolution, we imposed a regularization of the YM coupling, making it constant during a period [−ξ, ξ], where ξ is
smaller than tb, and matching the solutions (and their first derivatives) in the periods t < −ξ, −ξ < t < ξ and t > ξ.
We perform this matching in the boundary theory since in the bulk, at times ξ =
√
α′, where α′ is the string scale,
the Ricci scalar reaches the string scale and the bulk supergravity description breaks down. So, matching in the
boundary can be performed at time ξ, much closer to the singularity, where the bulk theory is already in the strong
9limit. Since the theory in the boundary has no gravity, this matching is under much better control and goes closer to
the singularity than what could be done by working in the bulk.
With that, we can relate the solution of the field Aµ from early to late times past the singularity, first re-scaling
the gauge field by A˜k(t) = e
φ/2Ak(t) to obtain a canonically normalized field. The analysis of [36] yielded the result
A˜k(t) = |t| 12
[
D+J Jνg (|kt|) +D+Y Yνg (|kt|)
]
, (24)
where the mode coefficients D+J and D
+
Y are related to the ones D
−
J and D
−
Y before the singularity by:
D+J =
1
2νg
D−Y + 2
−2νg
(
1 +
1
2νg
)
(kξ)
2νg D−J , (25)
D+Y = −
1
2νg
D−J + 2
2νg
(
1− 1
2νg
)
(kξ)
−2νg D−Y . (26)
At late times, at time t = tb, when we map the results from the boundary to the bulk, the gauge field is then given
by:
A˜k(tb) '
(
tb
ξ
)2νg
A˜ (−tb) , (27)
which means that the k-dependence if the field remains the same after passing through the singularity, changing only
its amplitude that is enhanced by the factor
F(t) = (tb/ξ)2νg . (28)
So, given an initial condition in the gauge field Ak(−tb), we can time evolve this field until time tb in the future of
the singularity, and then calculate the operator Tr
[
F 2(k, t′)
]
and obtain the power spectrum.
This initial value for the gauge field in the boundary theory can be inferred from the initial scalar field in the bulk.
As done in our previous work, we choose a particular scaling of the Fourier modes of the boundary gauge field such
that the operator O has the same amplitude and scaling as what is induced from the bulk scalar field fluctuations
which we are starting out with. From (20) and (23) we have
m4plδφ
in(k) =
1
2
∫ k
0
d3k′A˙in
(
k + k′
2
)
A˙in
(
k − k′
2
)
V 1/2 = Tr
[
F 2(−tb)
]
k
= O (k,−tb) , (29)
where V is a normalization volume introduced in the definition of the Fourier transform (such that the Fourier modes
of A have the mass dimension of a harmonic oscillator, i.e. −1/2). This integral can be performed in two regions, R1
where k < k′, and R2 where k > k′. In region R1 we can set k′ = 0 and get, approximately
m4plδφ
in(k) ∼ k3A˙2kV 1/2 . (30)
In the case when the initial bulk scalar field has a scale invariant power spectrum, δφ ∝ k−3/2, the gauge field at
t = −tb, the time of matching onto the boundary in the past, has Aink (t) = Ak(−tb) ∼ k−9/4. Assuming this scaling
for the gauge Fourier modes, it can easily be seen that Region R2 gives gives a contribution comparable to (30). With
the initial conditions given by (29) and the growth of the gauge modes given by (27) we can write the boundary data
in the future, encoded in the operator:
O (k, t) = (4νg)
2
ξ4νg
t2(2νg)
1
2
∫ k
0
d3k′A˙
(
k + k′
2
,−tb
)
A˙
(
k − k′
2
,−tb
)
V 1/2 = Tr
[
F 2(−tb)
]
k
. (31)
Now we have all the ingredients to obtain the power spectrum of curvature perturbations past the singularity, given
an initial bulk scalar field perturbation in the past:
PR =
k3
(2pi)
2
∣∣∣∣∫ dsM(s, z)Tr [F 2(tb)]k∣∣∣∣2 ,
=
(4νg)
4
(2pi)
2
ξ8νg
k3 t4(2νg)
∣∣∣∣∣
∫
dsM(s, z)
1
2
∫ k
0
d3k′A˙
(
k + k′
2
,−tb
)
A˙
(
k − k′
2
,−tb
)
V 1/2
∣∣∣∣∣
2
. (32)
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Integrating over region R1, and taking k
′ = 0, we have
PR =
(4νg)
4
(2pi)
2
ξ8νg
k3 t4(2νg)
∣∣∣∣∫ dsM(s, z) k3A˙2(k,−tb)∣∣∣∣2 ,
=
(4νg)
4
(2pi)
2
ξ8νg
k3 t4(2νg)
∣∣∣∣∫ dsM(s, z)m4plδφin(−tb)∣∣∣∣2 . (33)
For the case presented in [36] when we have a scale invariant spectrum for the bulk scalar field in the past, with
δφin ∝ k−3/2, this implies that A˙(k,−tb) ∝ k−9/4. Plugging this expression into (33) we see that at t = tb in the
future:
PR ' (4νg)
4
(2pil)
2
ξ8νg
t
4(2νg)
b
[∫
dsM(s, z)
]2
m8pl . (34)
The power spectrum for the curvature perturbations is scale invariant. This means that the index of the power
spectrum of the curvature flluctuations is not changed after passing through the singularity. So, if we start in the
contracting phase with a scale invariant power spectrum of curvature fluctuations before the singularity, then the final
curvature perturbations will also be scale invariant, carrying at late times an enhancement factor in the amplitude,
related to particle production occurring on super-Hubble scales close to the bulk singularity.
V. CONCLUSIONS AND DISCUSSION
We have used the AdS/CFT correspondence to propagate cosmological fluctuations from the contracting phase to
the expanding phase of a time-dependent deformation of an AdS bulk space-time which has a curvature singularity
at a time t = 0. The bulk space-time is weakly coupled for |t| > tb, and strongly coupled for |t| < tb. Since the
CFT on the boundary becomes weakly coupled for |t| < tb, we map the bulk perturbations onto the boundary at the
transition time t = −tb, evolve the fluctuations in the conformal field theory until t = tb, and then reconstruct the
bulk perturbations.
We have shown that there is a gauge choice for the bulk space-time coordinates in which the information about
cosmological fluctuations can be encoded in terms of the dilaton perturbations. This is the frame we use to map the
inhomogeneities onto the boundary. We use the same choice of coordinates to reconstruct the bulk for in the future
of the strongly coupled bulk region, i.e. for t > tb.
For the background with a bulk curvature singularity, particle production in the boundary theory diverges at t = 0.
Hence, to obtain a well-defined evolution, we need to regulate the boundary theory (and thus also the bulk theory) in
some time interval |t| < ξ, where ξ  tb. In the regulated theory, it is then possible to unambiguously compute the
evolution of the linearlized cosmological perturbations. We find that, as in the case of dilaton fluctuations in [36], the
spectral index of infrared perturbations is the same before entering and after exiting the region of large space-time
curvature. The amplitude of the spectrum, on the other hand, changes by a factor which depends on the ratio of tb
and ξ. These results agree with what is obtained in some models of nonsingular bounces in which rather ad hoc new
physics is used to obtain the bounce (see e.g. [49]). What is satisfying in our approach is that the bounce is obtained
using fundamental ingredients from superstring theory.
There are other ways to obtain a bouncing cosmology from superstring theory. One recent example makes use of
the T -duality symmetry in the Euclidean time direction to obtain a so-called S-brane bounce [51]. Another approach
is in [52]. It is also possible that as a consequence of the Hagedorn spectrum of string states [53] coupled with
the T-duality symmetry in compact spatial directions one obtains an early emergent Hagedorn phase [54], in which
case thermal fluctuations of a gas of strings would be the source of the observed cosmological perturbations [55].
These different approaches lead to signatures which are distinguishable (and also distinguishable from conventional
inflationary cosmology) in cosmological observations, in particular because of different predictions of the tilt of the
gravitational wave spectrum [56], the running of the spectrum [57] and the amplitude and shape of the three point
function of the curvature fluctuation [58].
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